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Abstract
Witten Laplacians associated with interacting particle systems on infinite coverings of compact manifolds
are considered. The probabilistic representations of the corresponding heat kernels are given. Von Neumann
traces of the corresponding semigroups are computed.
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The relationship between traces of semigroups associated with elliptic operators acting in
spaces of differential forms on a compact Riemannian manifold X, and geometrical and topolog-
ical properties of these manifolds, is a deep and important fact of global analysis. In the case of
Laplace type operators, the supertrace of the corresponding heat semigroup does not depend on
time and is equal to the index of the corresponding Dirac operator (the McKean–Singer identity).
On the other hand, its short time asymptotics can be expressed in terms of geometric quantities
of X, which leads to the Gauss–Bonnet–Chern theorem, see e.g. [13,19]. Different versions of
this relationship are investigated in the framework of the Atiyah–Singer Index Theorem and its
more recent generalizations, see e.g. [9].
In the case where X is not compact but admits an infinite group G of isometries with compact
quotient, the usual operator trace is substituted by the trace TrA in the commutant A of the ac-
tion of G (which is a von Neumann algebra). This leads to the notion of L2-invariants of X (in
particular, M. Atiyah’s L2-Betti numbers and the Novikov–Shubin invariants). The correspond-
ing theory for perturbed Laplacians (Witten Laplacians associated with measures on X) leads to
important results such as (asymptotic) Morse inequalities. In the case where the perturbation is
G-invariant, the corresponding semigroup Tt belongs to A, and its trace is given by the formula
TrA Tt =
∫
X/G
trK(x,x; t) dx, (1)
where K(t;x, y) is the integral kernel of Tt and tr is the usual matrix trace. The right-hand side of
the latter formula is called sometimes the -function associated with H , and can be interpreted
as the Laplace transform of the spectral density function of H . For a review on L2-invariants and
related questions see [27,28].
On the other hand, there is an extensive theory of random Schrödinger operators H = + q ,
i.e. Laplace operators with potentials q given by homogeneous random fields (see [10,21,29]).
That is, q is supposed to be G-invariant in the sense that
q(gx,ω) = q(x,Ugω), (2)
where G  g → Ug is a representation of G by measure preserving transformations of the prob-
ability space. For such operators, the -function is defined by the formula
(t) =
∫
X/G
E trK(t;x, x) dx, (3)
where E is the corresponding expectation, and can be interpreted in the following way. Let HΛ
be a self-adjoint restriction of H to a compact domain Λ. Then, under certain conditions on the
potential, e−tHΛ is a trace-class operator, limΛ↑X 1volΛ Tr e
−tHΛ is a non-random quantity, and
(t) = lim
Λ↑X
1
volΛ
Tr e−tHΛ. (4)
Here Tr is the usual operator trace. Thus, heuristically, (t) coincides with a regularized trace of
the semigroup e−tH . Sometimes it can be interpreted as a trace in a certain von Neumann algebra
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with the theory of L2-invariants.
The aim of the present paper is to consider the case where H is the Witten Laplacian asso-
ciated with a special type random measure σ on a Riemannian manifold X, and the probability
space is the space ΓX of locally finite configurations γ in X equipped with a Gibbs measure μ. In
this particular situation, we prove the finiteness of the corresponding theta-function, give its von
Neumann algebra realization and show the existence of the corresponding L2-Betti numbers. In
this way, we hope to obtain invariants reflecting the relationship of the properties of the measures
σ , μ and the manifold X.
The measure σ has the form
σγ (dx) = e−Eγ (x) dx, (5)
where Eγ (x) =∑y∈γ v(ρ(x, y)), ρ is the distance on X and v is a smooth function with com-
pact support. Measures of such type appear, via the generalized Mecke identity, in the theory of
configuration spaces, and in particular in the theory of Laplace operators on differential forms
over ΓX (see [5–7]). In fact, the Witten Laplacian H associated with σ is a “part” of the Hodge–
de Rham operator on ΓX associated with the Gibbs measure μ. The structure of the latter operator
is very complicated in the case where μ is different from the Poisson measure. We believe that
the study of spectral properties of H , which is a more realistic goal, then the study of the full
Hodge–de Rham operator on ΓX , may already give interesting links between the properties of μ
and geometrical and topological properties of X.
Let us remark that the interest in the analysis on infinite configuration spaces has risen in re-
cent years, because of new approaches and rich applications in statistical mechanics and quantum
field theory (see [3,4] and the review [30]). L2-Betti numbers of configuration spaces with Pois-
son and Lebesgue–Poisson measures, were computed in [2,15], respectively (see also [1,14,16]).
The operator H is related to the following model from statistical mechanics. Let us consider
a particle with position x performing a random motion in X and interacting with a random
media (gas) described by the Gibbs measure μ. The distribution of the particle is given by the
random measure σγ (dx), where Eγ (x) is the energy of the interaction of the particle x and the
configuration γ of gas particles. Let us remark that spectral density- and theta-functions of certain
Schrödinger operators related to particles in a random medium have been discussed in [29] (see
also references therein). Our situation of Witten operators acting in spaces of differential forms is
significantly more complicated because of the specific structure of the corresponding potential,
which is a matrix-valued function, neither positive nor bounded.
As above, we suppose that there exists an infinite group G of isometries of X such that X/G
is a compact Riemannian manifold.
The contents of the paper are as follows. In Sections 2 and 3, we introduce the main setting
of the paper. In particular, we define the Witten Laplacian H(p)γ , γ ∈ ΓX , in the space L2Ωp of
square-integrable p-forms on X. It has the form
H(p)γ = H(p) +W(p)γ , (6)
where H(p) is the Hodge–de Rham Laplacian and W(p)γ is a random matrix-valued potential
of a special type, associated with the measure μ. We define the corresponding theta-function
(p)(t) according to formula (3) and formulate the main result of the first part of the paper—the
finiteness of (p)(t) for all times t (Theorem 1 and Corollary 1).
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group T (p)γ,t := e−tH
(p)
γ via the evolution family generated by the stochastic differential equation
D
ds
ω(s) = −[R(p)(ξx(s))+W(p)γ (ξx(s))ω(s)], (7)
in the tensor bundle (T X)∧p , where D
ds
is the covariant derivative along the trajectories of the
Wiener process ξx(s) and R(p) is the Weitzenböck term defined by the geometry of X (see [19]).
We prove the existence of solutions of this equation (Theorem 3) and obtain the corresponding
probabilistic representation of the integral kernel of the semigroup T (p)γ,t (Theorem 4), which
gives us a possibility to prove Theorem 1.
Let us remark that the operators H(p)γ satisfy the following commutation relation:
UgH
(p)
γ U
−1
g = H(p)gγ (8)
for any g ∈ G and γ ∈ ΓX . Here Ug is the action of G in L2Ωp and, for γ = {. . . , x, y, z, . . .},
gγ = {. . . , gx, gy, gz, . . .}. Thus, for a fixed γ , the semigroup T (p)γ,t does not belong to the com-
mutant {Ug}′g∈G (in contrast to the classical situation described above, cf. (1)). However, the map
γ → T (p)γ,t belongs to the algebra Cp of μ-essentially bounded maps
A :ΓX → B
(
L2Ωp
) (9)
such that
A(gγ ) = UgA(γ )Ug−1 (10)
for any g ∈ G and γ ∈ ΓX . In Section 5, we prove that Cp is a von Neumann algebra possessing
a faithful normal semi-finite trace Tr (Theorem 5) such that TrT (p)γ,t = (p)(t). Thus, TrT (p)γ,t
is finite. This allows us to apply the general theory of von Neumann algebras and to prove the
corresponding analog of the McKean–Singer formula. As an immediate corollary we obtain the
finiteness of the regularized dimensions of the spaces of harmonic forms (Theorem 6).
In order to make the paper more self-contained, we collect some known facts about Gibbs
measures on ΓX in Appendix A.
2. Configuration spaces and measures
Let X be a complete connected, oriented, C∞ Riemannian manifold of infinite volume with a
lower bounded curvature. We assume that there exists an infinite discrete group of isometries of
X such that X/G is a compact Riemannian manifold.
The configuration space ΓX over X is defined as the set of all locally finite subsets (configu-
rations) in X:
ΓX :=
{
γ ⊂ X ∣∣ |γ ∩Λ| < ∞ for each compact Λ ⊂ X}. (11)
Here, |A| denotes the cardinality of a set A.
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x∈γ
εx ∈M(X), (12)
where εx is the Dirac measure with mass at x,
∑
x∈∅ εx := zero measure, andM(X) denotes the
set of all positive Radon measures on the Borel σ -algebra of X. The space ΓX is endowed with
the relative topology as a subset of the space M(X) with the vague topology, i.e., the weakest
topology on ΓX with respect to which all maps
ΓX  γ → 〈f,γ 〉 :=
∫
X
f (x)γ (dx) ≡
∑
x∈γ
f (x) (13)
are continuous. Here, f ∈ C0(X) (:= the set of all continuous functions on X with compact
support).
The action of G on X can be lifted to a diagonal action on ΓX :
ΓX  γ = {. . . , x, y, z, . . .} → gγ = {. . . , gx, gy, gz, . . .} ∈ ΓX, (14)
g ∈ G.
Let μ be a Gibbs measure on ΓX (see Appendix A). We assume that:
(i) μ satisfies the Ruelle bound, that is, ∣∣k(n)μ ∣∣ an (15)
for some constant a, where k(n)μ is the nth correlation function of μ;
(ii) μ is invariant with respect to the G-action (14).
A class of Gibbs measures which satisfy these properties is described in Appendix A (see
Remark 9).
3. Random Witten Laplacian
Let v ∈ C20(R1) with suppv ⊂ [−r, r], where r > 0 is the injectivity radius of X, and define
the function V :X ×X → R1 by
V (x, y) = v(ρ(x, y)), (16)
x, y ∈ X, where ρ is the Riemannian distance on X. For any γ ∈ ΓX we introduce the measure
σγ (dx) = e−Eγ (x) dx (17)
on X, where
Eγ (x) =
∑
V (x, y) (18)
y∈γ
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Eγ (x) < ∞ (because v has compact support). The measure σγ possesses the logarithmic deriv-
ative
λ(γ, x) = −
∑
y∈γ
∇xV (x, y) ∈ TxX, (19)
that is, it satisfies the integration by parts formula∫
X
(∇f (x), ν(x))
TxX
σγ (dx) = −
∫
X
f (x)
[(
λ(γ, x), ν(x)
)
TxX
+ divν]σγ (dx) (20)
for any differentiable function f with compact support and a differentiable vector field ν on X,
∇ meaning the gradient.
In what follows, we use the following notations:
• L2Ωp—the space of p-forms on X, which are square-integrable with respect to the volume
measure;
• L2σγ Ωp—the space of p-forms on X, which are square-integrable with respect to σγ ;
• dp—the de Rham differential on p-forms on X;
• H(p)—the de Rham Laplacian on p-forms on X;
• B(H1,H2)—the space of bounded linear operators H1 →H2, H1,H2 Hilbert spaces;
• B(H) := B(H,H).
Let us consider the Witten–Bismut Laplacian H(p)σγ in L2σγ Ω
p
,
H(p)σγ := dp−1
(
dp−1
)∗
γ
+ (dp)∗
γ
dp, (21)
where (dk)∗γ :L2σγ Ω
k+1 → L2σγ Ωk is the adjoint of dk :L2σγ Ωk → L2σγ Ωk+1. It follows from the
results of [11] that H(p)σγ is essentially self-adjoint on the space of smooth forms with compact
support.
On smooth forms, H(p)σγ is given by the expression
H(p)σγ = H(p) +
1
2
(∇Eγ ,∇)T pX +
(∇2Eγ )∧p, (22)
where
(∇2Eγ )∧p = p∑
k=1
k︷ ︸︸ ︷
I ⊗ I ⊗ · · · ⊗ ∇2Eγ ⊗· · · ⊗ I. (23)
Let
U :L2σ Ω
p → L2Ωp (24)γ
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H(p)γ := UH(p)σγ U−1 (25)
in L2Ωp has the form
H(p)γ = H(p) +W(p)γ , (26)
where
W(p)γ = ‖∇Eγ ‖2 +Eγ +
(∇2Eγ )∧p, (27)
see [20]. Let us remark that Wγ is G-invariant in the sense that
W(p)γ (x) = (dg)−1W(p)gγ (gx) (28)
for any g ∈ G, γ ∈ ΓX and x ∈ X. Here dg ∈ B((TxX)∧p, (TgxX)∧p) is the corresponding group
translation in the fibers of the tensor bundle (T X)∧p .
Let us consider the corresponding heat semigroup e−tH
(p)
γ in L2Ωp and let
K(p)γ (x, y; t) ∈ B
(
(TxX)
∧p, (TyX)∧p
) (29)
be its integral kernel. We introduce the function
θ(p)(x, t) =
∫
ΓX
trK(p)γ (x, x; t)μ(dγ ), (30)
where tr is the usual matrix trace. Our first aim is to prove the following result.
Theorem 1. For any t > 0 and p = 0,1, . . . ,dimX
sup
x∈X
θ(p)(x, t) < ∞. (31)
The proof of the theorem will be given in the next section. Moreover, we will give an estimate
of θ(p) in terms of the heat kernel on X, potential V and correlation functions of μ.
The G-invariance (28) of the potential W(p)γ implies the G-invariance of the kernel
K
(p)
γ (x, x; t) and, consequently, of the function θ(p)(x, t) (the latter follows from the G-in-
variance of μ). Thus, θ(p)(·, t) defines a function θ˜ (p)(·, t) on X/G, and we can define the
theta-function
(p)(t) =
∫
X/G
θ˜ (p)(x, t) dx. (32)
The next statement follows immediately from the theorem above and compactness of X/G.
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(p)(t) < ∞. (33)
4. Probabilistic representations of the heat kernels
In this section we give a probabilistic representation of the semigroup e−tH (p) and prove with
its aid Theorem 1.
According to the Weitzenböck formula, the Witten Laplacian H(p)γ has the form
H(p)γ = (p) +R(p) +W(p)γ , (34)
where (p) is the Bochner Laplacian in L2Ωp , and R(p)(x) ∈ B((TxX)∧p) is the corresponding
Weitzenböck term (see e.g. [13,20]).
Let ξx(s), s ∈ [0, t], be the Brownian motion on X in the time interval [0, t] starting at x, and
denote by B(x, r) the ball of radius r with center at x. We need the following general result.
Theorem 2. Let f :X×X → R1 be a bounded function such that, for some r ∈ R and any x ∈ X,
suppf (x, ·) ⊂ B(x, r). Define
fγ (x) :=
〈
f (x, ·), γ 〉=∑
y∈γ
f (x, y). (35)
Then, for all t > 0, the following estimate holds:
sup
x∈X
∫
ΓX
[ t∫
0
W
[
etfγ (ξx(s))
]
ds
]
μ(dγ ) < ∞. (36)
Here W is the expectation with respect to the Brownian motion ξx .
Proof. For any measurable function g on X with compact support, the Laplace transform of μ
has the form∫
ΓX
et〈g,γ 〉 μ(dγ )
= 1 +
∞∑
n=1
1
n!
∫
Xn
(
etg(y1) − 1) · · · (etg(yn) − 1)k(n)μ (y1, . . . , yn) dy1 . . . dyn, (37)
which follows from formula (111) in Appendix A. Here k(n)μ is the nth correlation function of μ.
According to the Ruelle bound (15) the following estimate holds:∫
et〈g,γ 〉 μ(dγ ) expa
[∫ (
etg(y) − 1)dy]. (38)
ΓX X
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F(z, t) :=
∫
ΓX
etfγ (z) μ(dγ )
 expa
(∫
X
(
etf (z,y) − 1)dy)< ∞. (39)
Moreover, for any z ∈ X,∫
X
(
etf (z,y) − 1)dy = ∫
B(z,r)
(
etf (z,y) − 1)dy
 volB(z, r)max
∣∣etf (z,y) − 1∣∣=: C(t) < ∞. (40)
This implies the estimates
F(z, t) eaC(t) (41)
for any z ∈ X, and
W
∫
ΓX
etfγ (ξx(s)) μ(dγ ) = WF(ξx(s), t) eaC(t). (42)
Then, by Fubini’s theorem,
∫
ΓX
[ t∫
0
W
[
etfγ (ξx(s))
]
ds
]
μ(dγ ) =
t∫
0
W
[ ∫
ΓX
[
etfγ (ξx(s))
]
μ(dγ )
]
ds
 t expaC(t). (43)
The latter estimate is uniform in x, which implies (36). 
The following corollary is immediate.
Corollary 2. For a.a. γ ∈ ΓX and any x ∈ X, t > 0
t∫
0
W
[
etfγ (ξx(s))
]
ds < ∞. (44)
Let us consider the differential equation
D
ω(s) = −[R(p)(ξx(s))+W(p)γ (ξx(s))]ω(s), (45)ds
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trajectories of ξx(s) (see [19]).
Let f (x, y), x, y ∈ X, satisfy the conditions of Theorem 2. We assume that for any γ ∈ ΓX
and x ∈ X the following estimate hold:
−(W(p)γ (x)h,h) fγ (x)‖h‖2, (46)
h ∈ (TxX)∧p . For instance, we can set
f (x, y) := −ΔxV (x, y)+
∥∥(∇2xV (x, y))∧p∥∥B(TxX∧p). (47)
Theorem 3. A solution ω(t) = ωγ (t) of Eq. (45) exists for all times t > 0 and a.a. γ ∈ ΓX and
satisfies the estimate
W
∥∥ω(t)∥∥
(Tξx (t)X)
∧p 
∥∥ω(0)∥∥
(TxX)∧pe
tcp
1
t
t∫
0
W
[
etfγ (ξx(s))
]
ds, (48)
where cp = − infx∈X ‖R(p)(x)‖.
Proof. We use arguments similar to [26, Theorem 5.1] (in fact, our situation is simpler). We have
d
dt
∥∥ω(t)∥∥2 = −2(W˜ (p)γ (ξx(t))ω(t),ω(t)), (49)
where W˜ (p)γ = R(p) +W(p)γ , or
d
dt
∥∥ω(t)∥∥2 = −2 (W˜ (p)γ (ξx(t))ω(t),ω(t))‖ω(t)‖2 ∥∥ω(t)∥∥2, (50)
which implies
∥∥ω(t)∥∥2 = ∥∥ω(0)∥∥2 exp(− t∫
0
2
(W˜
(p)
γ (ξx(s))ω(t),ω(s))
‖ω(s)‖2 ds
)

∥∥ω(0)∥∥2etcp exp t∫
0
2fγ
(
ξx(s)
)
ds. (51)
Then
W
∥∥ω(t)∥∥ ∥∥ω(0)∥∥etcpW exp t∫
0
fγ
(
ξx(s)
)
ds

∥∥ω(0)∥∥etcp 1
t
t∫
0
W
[
etfγ (ξx(s))
]
ds (52)
by Jensen’s inequality, which together with (44) implies the result. 
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U
(p)
ξx,γ
(s) ∈ B((TxX)∧p, (Tξx(s)X)∧p) (53)
by the formula
U
(p)
ξx,γ
(s)ω(0) = ω(s). (54)
It satisfies the estimate
W
∥∥U(p)ξx,γ (t)∥∥ 1t
t∫
0
W
[
etfγ (ξx(s))
]
ds. (55)
Remark 1. The mapping ΓX  γ → f (γ ) := W‖ωγ (t)‖(Tξx (t)X)∧p is measurable. Indeed, let Λ
be a compact in X. Then, for γ = {x1, . . . , xm} ⊂ Λ, the solution of (45) depends continuously
(in the mean sense) on x1, . . . , xm ∈ Λ. The latter follows from the general theory of stochastic
differential equations depending on parameters. Thus the cylinder function fΛ(γ ) := f (Λ ∩ γ )
is continuous on ΓX [3]. It can be shown by the arguments similar to those used in the proof of
the theorem above that fΛ(γ ) → f (γ ) as Λ ↑ X, which implies the measurability of f . Thus
the left-hand side of (55) is measurable as a function of γ .
Remark 2. In the case where V ≡ 0 the operator U(p)ξx (s) coincides with the parallel translation
along ξx , see [19].
Remark 3. Let ξx,y(s), s ∈ [0, t], be the Brownian bridge from x to y. Then
U
(p)
ξx,y ,γ
(t) ∈ B((TxX)∧p, (TyX)∧p) (56)
and
W
∥∥U(p)ξx,y ,γ (t)∥∥ etcp 1t
t∫
0
W
[
etfγ (ξx,y (s))
]
ds, (57)
where W is the corresponding bridge expectation.
Let us consider the semigroup e−tH
(p)
γ in L2Ωp . Let K(x,y; t) be the heat kernel on X. It is
known [17] that K is a strictly positive C∞ function on [0,∞)×X ×X.
Theorem 4. For any t > 0 and γ ∈ ΓX the semigroup e−tH (p)γ has an integral kernel
K(p)γ (x, y; t) ∈ B
(
(TxX)
∧p, (TyX)∧p
)
, (58)
which satisfies the relation
K(p)γ (x, y; t) = K(x,y; t)W
(
U
(p)
ξx,y ,γ
(t)
)∗
, (59)
x, y ∈ X.
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have the following probabilistic representation of the semigroup e−tH
(p)
γ :
〈
e−tH
(p)
γ ω(x), ν
〉= W〈ω(ξx(t)),U(p)ξx ,γ (t)ν〉, (60)
see [19], where ν ∈ (TxX)∧p . This can be rewritten as
〈
e−tH
(p)
γ ω(x), ν
〉= ∫
X
K(x, y; t)W〈ω(ξx,y(t)),U(p)ξx,y ,γ (t)ν〉dy
=
∫
X
K(x, y; t)W〈ω(y),U(p)ξx,y ,γ (t)ν〉dy
=
〈∫
X
K(x, y; t)W(U(p)ξx,y ,γ (t))∗ω(y)dy, ν〉, (61)
which implies (59). 
Proof of Theorem 1. Formulae (57) and (59) imply that the following estimate holds for a.a.
γ ∈ ΓX and all x ∈ X, t > 0:
trK(p)γ (x, x; t)
(
dimX
p
)
K(x,x; t)W∥∥U(p)ξx,x (t)∥∥

(
dimX
p
)
K(x,x; t)etcp 1
t
t∫
0
W
[
etfγ (ξx(s))
]
ds. (62)
Note that k(x) := K(x,x; t) is G-invariant and C∞, which together with compactness of X/G
implies that it is bounded. Formula (36) immediately implies that the θ -function
θ(p)(x, t) =
∫
ΓX
trK(p)γ (x, x; t)μ(dγ ) (63)
is bounded in x ∈ X for any t > 0 and p = 0,1, . . . ,dimX. 
Remark 4. More precisely, the θ -function satisfies the estimate
θ(p)(x, t)
(
dimX
p
)
etcpK(x, x; t)eaC(t), (64)
cf. (43).
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that for
gγ (x) := 〈gx, γ 〉 =
∑
y∈γ
g(x, y), (65)
any γ ∈ ΓX and x ∈ X, the estimate
−(W(p)γ (x)h,h) gγ (x)‖h‖2 (66)
hold for all h ∈ (TxX)∧p . It follows then from (51) that
W
∥∥U(p)ξx,y (t)∥∥ etbpWe∫ t0 gγ (ξx,y (s)) ds (67)
for all t > 0, and, consequently,
θ(p)(x, t)
(
d
p
)
etb
(p)
K(x, x; t)W
∫
ΓX
e
∫ t
0 gγ (ξx,y (s)) dsμ(dγ ), (68)
where bp = − supx∈X ‖R(p)(x)‖. For instance, we can set
gx(y) = −
∥∥∇xV (x, y)∥∥2TxX −ΔxV (x, y)− ∥∥(∇2xV (x, y))∧p∥∥B(TxX∧p). (69)
Remark 6. If X is a symmetric space, that is, the group of isometries G acts on X transitively,
then both K(x,x; t) and F(x, t) do not depend on x, and the estimate (64) gets the form
θ(p)(x, t)
(
dimX
p
)
etcp k(t), (70)
where k(t) := K(x,x; t)F(x, t).
Example 1 (Euclidean space). Let X = Rd , G = Zd . Then R(p)(x) = 0 and Kt(x, x) =
(4πt)−d/2. Formula (70) can be rewritten in the form
θ(p)(x, t) (4πt)−d/2
(
d
p
)
F(0, t). (71)
Then
(p)(t) =
∫
Td
θ (p)(x, t) dx  (4πt)−d/2
(
d
p
)
F(0, t). (72)
Here Td is the d-dimensional torus.
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θ(p)(x, t)
(
d
p
)
etp(d−p)K(x, x; t)1
t
∫
ΓX
t∫
0
W
[
etfγ (ξx(s))
]
ds μ(dγ ), (73)
where K is the heat kernel on Hd . It is known that the group SL(d,R) acts transitively on Hd by
isometries. Thus, according to Remark 6, the latter estimate obtains the form
θ(p)(x, t)
(
d
p
)
etp(d−p)k(t). (74)
5. Von Neumann algebras associated with configuration spaces
In this section, we construct a W ∗ (von Neumann) algebra containing the semigroup
T
(p)
γ,t := e−tH
(p)
γ (75)
and interpret the theta-function (p)(t) as its trace. We refer to [33] for general notions of the
theory of von Neumann algebras.
Let Ug be the action of G in L2Ωp . It follows from (28) that H(p)γ satisfies the commutation
relation
UgH
(p)
γ U
−1
g = H(p)gγ (76)
for any g ∈ G and γ ∈ ΓX , where the action of G on ΓX is defined by formula (14). Obviously,
the semigroup T (p)γ,t and the orthogonal projection
P (p)γ :L
2Ωp → KerH(p)γ (77)
satisfy similar relations:
UgT
(p)
γ,t U
−1
g = T (p)gγ,t , UgP (p)γ U−1g = P (p)gγ . (78)
Remark 7. If H(p)γ commuted with Ug , g ∈ G, then both T (p)γ,t and P (p)γ would belong to the
commutant Up := {Ug}′g∈G, and we would have the equality
TrU e−tH
(p)
γ =
∫
X/G
trK(p)γ (t;x, x) dx. (79)
This holds however only for γ such that gγ = γ for all g ∈ G, which form a μ-zero set.
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L2μΩ
p := L2(ΓX ×X → T pX,dμ⊗ dx)
= L2(ΓX,dμ)⊗L2Ωp. (80)
The diagonal action
ΓX ×X  (γ, x) → g(γ, x) := (gγ, gx) (81)
of the group G on the space ΓX × X generates the action G  g → Ug in the space of forms
L2μΩ
p
. We denote by Ap := {Ug}′g∈G ⊂ B(L2μΩp) the commutant of Ug .
Next, we introduce the algebra Cp of μ-essentially bounded maps
A :ΓX → B
(
L2Ωp
) (82)
such that
A(gγ ) = UgA(γ )Ug−1 (83)
for any g ∈ G and γ ∈ ΓX . Cp can be naturally identified with a subalgebra of Ap . Moreover
Cp =Ap ∩L∞μ
(
ΓX → B
(
L2Ωp
)) (84)
and thus is a W ∗-algebra.
Let A ∈ Cp and, for any γ ∈ ΓX , denote by aγ (x, y) the integral kernel of A(γ ). Let us remark
that, because of the commutation relation (83), the kernel aγ (x, y) is G-invariant. The latter fact
together with the G-invariance of the measure μ imply that we can define the functional
TrA :=
∫
X/G
∫
ΓX
traγ (x, x)μ(dγ )dx. (85)
Theorem 5. Tr is a faithful normal semifinite trace on the W ∗-algebra Cp .
Proof. (1) Let us prove that Tr is cyclic, i.e. for any A,B ∈ Cp such that TrAB is finite we have
TrAB = TrBA. (86)
Assume without loss of generality that A and B are symmetric. Then their integral kernels aγ
and bγ satisfy the relation aγ (x, y)+ = aγ (y, x) and bγ (x, y)+ = bγ (y, x), respectively, where
n+ :TyX → TxX is the adjoint of an operator n :TxX → TyX with respect to the Riemannian
structure of X. Then
TrAB =
∫ ∫
tr
(∫
aγ (x, y)bγ (y, x) dy
)
μ(dγ )dxX/GΓX X
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∫
X/G
∫
ΓX
∫
X
tr
(
bγ (x, y)
+aγ (y, x)+
)
dy μ(dγ )dx
=
∫
X/G
∫
ΓX
∫
X
tr
(
bγ (x, y)aγ (y, x)
)
dy μ(dγ )dx
= TrBA. (87)
(2) Let us show that Tr is faithful. Assume that Tr(A∗A) = 0. The integral kernel cγ of A∗A
has the form cγ (x, z) =
∫
X
aγ (y, x)
+aγ (y, z) dy. We have
Tr(A∗A) =
∫
X/G
∫
Γx
tr
∫
X
aγ (y, x)
+aγ (y, x) dy μ(dγ )dx
=
∫
X/G
∫
Γx
∫
X
tr
(
aγ (y, x)
+aγ (y, x)
)
dy μ(dγ )dx = 0, (88)
which implies that ∣∣aγ (y, x)∣∣2 := tr(aγ (y, x)+aγ (y, x))= 0 (89)
and aγ (y, x) = 0 for almost all γ ∈ ΓX and x, y ∈ X. Thus we have A = 0.
(3) Let us show that Tr is normal. We define the operator
P : A(γ ) →
∫
ΓX
A(γ )μ(dγ ), (90)
A ∈ Cp . Because of G-invariance of μ we have P(A) ∈ Up . It is known that Up possesses a
faithful normal semifinite trace TrU defined by the formula
TrU B =
∫
X/G
trb(x, x) dx, (91)
where b is the integral kernel of B ∈ U (see [8,18]). Thus, for A ∈ Cp , we have obviously
TrA = TrU P(A). (92)
The normality of Tr follows now from the normality of TrU and the lemma below. 
Lemma 1. The mapping P is normal.
Proof. Let us first show that P is a Schwarz mapping, i.e. that
P(A)∗P(A) P(A∗A) (93)
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∥∥id ⊗ P(A)∥∥Cp = ∥∥∥∥∫
ΓX
A(γ )μ(dγ )
∥∥∥∥ ess sup∥∥A(γ )∥∥= ‖A‖Cp . (94)
Thus the mapping id ⊗P is a projection of norm one [34] from W ∗-algebra Cp onto its W ∗-sub-
algebra 1 ⊗ Up consisting of constant maps
ΓX  γ → 1 ⊗B ∈ 1 ⊗ Up (95)
(here 1 is the identity operator in Hilbert space L2(ΓX,dμ)), which implies the estimate (93),
see [34, Theorem 1].
It is known that any Schwarz mapping between W ∗-algebras is continuous in the σ -weak
topology (that is, normal) if it is continuous in the strong topology. Moreover, a stronger state-
ment is true: for Schwarz mappings continuity in the weak topology is equivalent to the continuity
in the σ ∗-strong topology, see [32].
Thus we need only to prove that P is strongly continuous, which follows from the estimate
∥∥P(A)f ∥∥2
L2Ωp =
∫
X
∣∣∣∣ ∫
ΓX
Aγ f (x)μ(dγ )
∣∣∣∣2 dx

∫
X
∫
ΓX
∣∣Aγ f (x)∣∣2 μ(dγ )dx
=
∫
X
∫
ΓX
∣∣Aγ f˜ (γ, x)∣∣2 μ(dγ )dx
= ‖Af˜ ‖2
L2μΩ
p , (96)
where f ∈ L2Ωp and f˜ ∈ L2μΩp , f˜ (γ, x) = f (x). 
Let us now consider the maps T(p)t :γ → T (p)γ,t and P(p) :γ → P (p)γ . Commutation relations
(78) imply that Tt ,P(p) ∈ Cp .
Theorem 6.
(1) For all times t > 0 and any p = 0, . . . ,dimX
Tr T(p)t = (p)(t) < ∞. (97)
(2) For any p = 0, . . . ,dimX
Tr P(p) < ∞. (98)
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dimX∑
p=0
(−1)p Tr T(p)t =
dimX∑
p=0
(−1)p Tr P(p). (99)
Proof. (1) Formula (97) follows immediately from (85) and Corollary 1.
(2) We have obviously
T
(p)
γ,t
(
I − P (p)γ
)= T (p)γ,t − P (p)γ , (100)
or
T(p)t
(
I − P(p))= T(p)t − P(p). (101)
Thus
Tr P(p) = Tr T(p)t −Tr T(p)t
(
I − P(p))< ∞. (102)
(3) Formula (99) follows from the McKean–Singer formula in von Neumann algebras (see
[12, (5.1.10)]), applied to the algebra C =⊕p Cp and operators D :=∑dp , D∗ =∑(dp)∗γ in⊕
p L
2
μΩ
p
. 
Remark 8. The right-hand side of formula (99) can be understood as a regularized index of the
Dirac operator D +D∗.
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Appendix A. Gibbs measures on configuration spaces
Here we briefly discuss the definition and some properties of Gibbs measures on ΓX , associ-
ated with pair potentials. For a detailed exposition see e.g. [3]
A pair potential is a measurable symmetric function φ :X × X → R ∪ {+∞} We will also
suppose that φ(x, y) ∈ R for x = y. For a compact Λ ⊂ X, a conditional energy EφΛ :ΓX →
R∪ {+∞} is defined by
E
φ
Λ(γ ) :=
{∑
{x,y}⊂γ,{x,y}∩Λ =∅ φ(x, y), if
∑
{x,y}⊂γ, {x,y}∩Λ =∅ |φ(x, y)| < ∞,
+∞, otherwise. (103)
Given Λ, we define for γ ∈ ΓX and Δ ∈ Bor(ΓX), the corresponding Borel σ -algebra of ΓX ,
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z,φ
Λ (γ,Δ) := 1{Zz,φΛ <∞}(γ )
[
Z
z,φ
Λ (γ )
]−1
×
∫
ΓX
1Δ
(
γΛc + γ ′Λ
)
exp
[−EφΛ(γΛc + γ ′Λ)]πz(dγ ′), (104)
where
Z
z,φ
Λ (γ ):=
∫
ΓX
exp
[−EφΛ(γΛc + γ ′Λ)]πz(dγ ′). (105)
A probability measure μ on (ΓX,Bor(ΓX)) is called a grand canonical Gibbs measure with
interaction potential φ if it satisfies the Dobrushin–Lanford–Ruelle equation∫
ΓX
Π
z,φ
Λ (γ,Δ)μ(dγ ) = μ(Δ) (106)
for all compact Λ ⊂ X and Δ ∈ Bor(ΓX). Let G(z,φ) denote the set of all such probability
measures μ.
It can be shown [22] that the unique grand canonical Gibbs measure corresponding to the free
case, φ = 0, is the Poisson measure πz.
We suppose that the interaction potential φ satisfies the following conditions:
(S) (Stability) There exists B  0 such that, for any Λ ∈Oc(X) and for all γ ∈ ΓΛ,
E
φ
Λ(γ ) :=
∑
{x,y}⊂γ
φ(x, y)−B|γ |. (107)
(I) (Integrability) We have
C:=ess sup
x∈X
∫
X
∣∣e−φ(x,y) − 1∣∣dy < ∞. (108)
(F) (Finite range) There exists R > 0 such that
φ(x, y) = 0 if ρ(x, y)R. (109)
Theorem 7. (See [23–25].)
(1) Let (S), (I), and (F) hold, and let z > 0 be such that
z <
1
2e
(
e2BC
)−1
, (110)
where B and C are as in (S) and (I), respectively. Then, there exists a Gibbs measure μ ∈
G(z,φ) such that for any n ∈ N and any measurable symmetric function f (n) :Xn → [0,∞],
we have
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ΓX
∑
{x1,...,xn}⊂γ
f (n)(x1, . . . , xn)μ(dγ )
= 1
n!
∫
Xn
f (n)(x1, . . . , xn)k
(n)
μ (x1, . . . , xn) dx1 . . . dxn, (111)
where k(n)μ is a non-negative measurable symmetric function on Xn, called the nth correla-
tion function of the measure μ, and this function satisfies the following estimate:
∀(x1, . . . , xn) ∈ Xn: k(n)μ (x1, . . . , xn) an, (112)
where a > 0 is independent of n (the Ruelle bound).
(2) Let φ be a non-negative potential which fulfills (I) and (F). Then, for each z > 0, there exists
a Gibbs measure μ ∈ G(z,φ) such that the correlation functions k(n)μ of the measure μ satisfy
the Ruelle bound (112).
Remark 9. Let us assume that the potential φ(x, y) has the form
φ(x, y) = Φ(ρ(x, y)) (113)
and Φ :R → R such that suppΦ ⊂ [−r, r], where r > 0 is the injectivity radius of X. Then the
conditions (S), (I) and (F) are fulfilled. Thus, provided (110) holds, the corresponding measure
μ exists and satisfies the conditions (i), (ii) of Section 2.
In the case where X = Rd , the existence of Gibbs measures satisfying the Ruelle bound is
known for arbitrary z > 0 under additional conditions of super-stability and lower regularity
(Ruelle measures [31]). We present two classical examples of potentials φ(x, y) = Φ(x − y)
satisfying these conditions.
Example 1 (Lennard-Jones type potentials). Φ ∈ C2(Rd \ {0}), Φ  0 on Rd , Φ(x) = c|x|−α
for x ∈ B(r1), Φ(x) = 0 for x ∈ B(r2)c , where c > 0, α > 0, 0 < r1 < r2 < ∞.
Example 2 (Lennard-Jones 6–12 potentials). d = 3, Φ(x) = c(|x|−12 − |x|−6), c > 0.
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